Introduction
Quantum groups arose from the study of quantum Yang-Baxter equations. Quantum groups are defined in terms of what Drinfeld calls "quasitriangular Hopf algebra" and their construction is based on a general procedure also due to Drinfeld [3] assigning to a finite dimensional Hopf algebra H a quasitriangular Hopf algebra D(H). The Hopf algebra
D(H) is called the quantum double of H, or the Drinfeld double of H.
It has brought remarkable applications to new aspects of representation theory, noncommutative geometry, low-dimensional topology and so on.
The quantum double D(kG) of a finite dimensional group algebra kG has attracted many mathematicians' interest recently. Let k be an algebraically closed field of positive characteristic p. If the order of G is divisible by p, then D(kG) is not semisimple by an analogue of Maschke's theorem (see [12] ). In this case, we need to find all indecomposable D(kG)-modules in order to describe the structure of the representation ring (or Green ring) of
D(kG).
In this paper, we investigate the representations of D(kD n ) for the Dihedral group D n .
In section 2, we recall some basic results on representation theory of finite groups and construct Yetter-Drinfeld modules over group algebras, and make some preparations for the rest of this paper.
In section 3, we discuss the indecomposable representations of some finite groups. Suppose that K 4 is the Klein four group. Then kK 4 is semisimple if and only if the characteristic of k is not equal to 2. In this case, kK 4 has only 4 simple modules up to isomorphism. Let k be an algebraically closed field of odd characteristic p. Suppose that C n is a cyclic group of order n = p s t with (p, t) = 1. Then kC n has exactly n indecomposable modules with di- 
Preliminaries
Throughout this paper, we work over an algebraically closed field of odd characteristic p. Unless otherwise stated, all modules are left modules, all comodules are right comodules, and moreover they are finite dimensional over k. ⊗ means ⊗ k .
There is an important way of constructing modules over a group from modules over its subgroups, which was originally described by Frobenius in [5] . 
the induced matrix representation Ω corresponding to N↑ G can be described as follows
where ρ is extended to G by setting ρ(x) = 0 for x ∈ G\H. Thus Ω(g) is partitioned into a t × t array of r × r blocks. 
Then the quantum double D(kG) of the group algebra kG has a k-basis {φ g ⊗ h|g, h ∈ G}. In this case, the multiplication is given by
Thus the identity is 1 D(kG) = g∈G φ g ⊗ 1, where 1 is the identity of G. The comutiplication ∆, the counit ε and the antipode S are given by
where g, h ∈ G. For the definition of quantum double D(H) of any finite dimensional Hopf algebra H, the reader is directed to [8, Chapter IX. 4] .
Definition 2.6. For a Hopf algebra H with a bijective antipode S , a Yetter-Drinfeld Hmodule M is both a left H-module and a right H-comodule satisfying the following two equivalent compatibility conditions
for all h ∈ H and m ∈ M. 
H of Yetter-Drinfeld H-modules can be identified with the category D(H) M of left modules over the quantum double D(H).
Hence, we just need to study the Yetter-Drinfeld modules in this paper.
Now let H = kG be a finite dimensional group algebra. Let K(G) be the set of conjugate
and n ∈ N. Clearly, we have:
Drinfeld kG-module, denoted by D(N).
Let M be a Yetter-Drinfeld kG-module with coaction ϕ :
By [12, 10] , we have the following characterization of Yetter-Drinfeld kG-modules. 
Then there exists a conjugate class C
Corollary 2.11. Let N 1 and N 2 be indecomposable (resp., simple) kC
Thus, up to isomorphism, there is a one-one correspondence between the indecomposable (resp., simple) kC G (g C )-modules and indecomposable (resp., simple) Yetter-Drinfeld kG-modules.
The indecomposable representations of some finite groups
In this section, we discuss the representations of Klein four group, cyclic groups and dihedral groups.
ab) 2 = 1 be the Klein four group. Then K 4 is a direct product of 2 cyclic groups of order 2, and kK 4 is a semisimple algebra. Obviously, kK 4 has exactly 4 irreducible representations, and all of them are of degree one. They can be described as follows:
In this case, kC n has n irreducible representations, and all of them are of degree 1. Furthermore, they can be described as ρ i (g) = ξ i−1 , for 1 ≤ i ≤ n, where ξ ∈ k is an n-th primitive root of unity.
From now on, assume that n = p s t with p ∤ t and that ξ is a t-th primitive root of unity in k. 
Theoretically, there is a perfect method to describe the indecomposable representations of an arbitrary cyclic group. Let C n = a be a cyclic group of order n. 
where 1 r p s and 0 i t − 1. 
For 1 r p s , let Ω r,t be the matrix representation of kC n induced from ρ r . Then we have
where I r is an r × r identity matrix. We write B = Ω r,t (a).
Now we compute the Jordan canonical form of matrix B.
To do so, we have to first determine the characteristic polynomial of the matrix B.
r , the matrix B has t distinct eigenvalues 1, ξ, ξ 2 , · · · , ξ t−1 . It follows that the Jordan canonical form of B contains t Jordan segments, and each segment is composed of Jordan blocks corresponding to the same eigenvalue. It is obvious that every Jordan segment is an r × r-matrix.
By Lemma 3.2, we know that every Jordan segment contains only one Jordan block, which has the following form ρ r,i (a), where 0 i t − 1. This completes the proof. 
, Ω 2r,i (b) = 0 I r I r 0 2r×2r .
Lemma 3.6. With the notations above, the inverse A −1 r,i of A r,i is equal to
Proof. It follows from a straightforward computation. (2) When i = 0, the proof is similar to that of Lemma 3.7(2). When i = t 2 , let T 1 = (t i j ) ∈ M r (k) be an upper triangular matrix defined by t rr = 1 and the relations t i j = −ξ t 2 t i+1, j − t i+1, j+1 and t ii = −t i+1,i+1 for all 1 i < j. Then one can easily check that
Lemma 3.9. Let T and T 1 be the matrices defined respectively in the proof of Lemma 3.7 and Lemma 3.8. Then T 2 = I and T Next, let i < r − 1 and suppose that b jl = 0 for all i < j < l r. Then we have
This shows that T 2 = I. Proof. Obviously, there is a k-basis
Lemma 3.10. [7] If H ⊳ G with G a finite group and W is a kG-module, then
Let V r,i be the indecomposable kC n -module corresponding to the representation ρ r,i , where 1 r p s and 0 i t − 1. For any x ∈ D n , let
is a kC n -module with the action given by a(x ⊗ v) = x ⊗ yv, where a ∈ C n and 
for any integers i and j.
Following the method described in [11] or [7, section 9] , we define Φ r,0 by putting
integer j since T 2 = I by Lemma 3.9. Thus for any positive integers i, j, and x, y ∈ C n , we
Hence 
When n is even, we have the following similar result. When n is even, kD n has t+6 2 irreducible representations. 
The indecomposable representations of D(kD n )
In this section we will classify all indecomposable D(kD n )-modules up to isomorphism by means of Yetter-Drinfeld kD n -modules. We will frequently use Theorem 2.9, Theorem 2.10 and Corollary 2.11, but not explicitly mention them for the sake of simplicity. Thus we have classified all finite dimensional indecomposable Yetter-Drinfeld kD nmodules up to isomorphism.
